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SUMMARY

The determination of the real differential molecular weight distribution requires
that the instrumental spreading of the chromatographic band should be taken into
account accurately. In other words, the dependence of the instrumental spreading
function for an individual substance on the eluent volume should be known under
experimental conditions.

Current methods of calculations do not deal with a continuous change in the
shapeof the chromatographic band for individual species (SCBIS) due to the molecular
weight. This may be due to inaccurate differential DMWD results.

The methods of calculating MWD data from GPC involving the continuous change
in SCBIS are presented in this worlk.

In gel permeation chromatography (GPC) the correlation between the raw
chromatogram, f(v), and the chromatogram after correction for instrumental spread-
ing, w(y), is given by the integral eqn. 1 which was first suggested by TuNG.

Lo
(@) = [ wi) Glo—y)dy (1)

o

v and v are interchangeable and are used to indicate the eluent volume; y is used
mainly to indicate the eluent volume as a variable under the integral sign. G(v—2y)
is a function which determines all types of instrumental spreading.

The real chromatogram represents a superposition of the resulting curves of a
finite number of the individual species. It is assumed for the simplicity of calculations
that the chromatogram of the individual species is described by a Gaussian function?,
However, the discrepancy between the average molecular weights calculated upon
that assumption and obtained by independent methods indicates the necessity of
accounting for the deviation of shape of the chromatographic band for individual
species (SCB1S) from the Gaussian curve?-5,
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PrRovDER AND ROSEN? suggest the following expression to describe the SCBIS:

— Dl — 5 gy A 2@ —y)
G(v—y) = D(v y)+"2_3( 1) —s DL (2)

where the first member @ (v — y) = (k/m) /2 exp [ —h(v — »)?] is a Gaussian function
and the second member takes into account the correction on symmetric and asymme-
tric deviation from Gaussian shape.

Three parameters (%, 45 and A;) have been used which can be determined with
calibration standards with three known molecular weight distribution (MWD) charac-
teristics, e.g., My, My, My (M, is number-average, M, is weight-average and M, is
viscosity-average molecular weight). Using the experimentally obtained dependences
of 4, A;and A, on eluent volume, and the refined HamitLEC formulas®, one can obtain
average molecular weight for any other polymer sample under the given conditions
(viz. columns, temperature, solvent, etc.).

It should be noted that this method gives good results for A/, and MM, but
does not guarantee the correct values for M ,, M ,.1 nor the distribution function.
This may be due to the fact that linear calibration was assumed as well as the fact
that continuous SCBIS change is not taken into account in the range of interest.

In this paper we tried to take into account the continuous change of SCBIS.
The following expression is assumed:

14+ I ay) (v—o)i
1em 0

I 4+ 2 auy)
im0

G(v,y) =

TP =) (3)

@t

where @(v — y) = (h/7)Y/2 exp [— (v — ¥)?], ¥ is eluent volume corresponding to
maximum on the chromatogram of individual species, v is the chromatogram ab-
scissa, expressed in the eluent volume and ai(y) is a function characterising the
change in SCBIS with the molecular weight of individual species. The expression
(3) contains members which depend only on y, that permit variation of the effective
half-width and deviation from Gaussian shape according to the experimental con-
ditions.

With eqn. 3 it is possible to obtain an analytical expression of the dependence
of SCBIS on eluent volume. It should be noted that the expression is normalised at
any fixed y.

Thus, to find MWD it is necessary to determine /z and a;(y), using the set of
well-characterised narrow polymer fractions, 7.¢. to carry out the SCBIS calibratior
under the given experimental conditions.

The SCBIS calibration proceeds in two stages:

(1) By any method described in refs. 3, 5, 7—9, the resolution factor % is obtainec
for any standard. For further calculation / is taken as constant and equal to the arith:
metic mean.

(2) Assuming that in the range of narrow polymer fractions which are used as
standards, a;(v) is constant, a;(v) can be determined for every standard.
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Therefore, formulas from HAMIELEC AND RAY expressions for average molecular
weights should be used!9:

ig aN .
(1 + X ag(— 1)t ———) es?/an
t=1 dst

. 8= (K-2)D
My(t) = M (o) : Yo (4)
ZQ d) 2
(1 4 2 ag(— 1)t —— ) es/an
t=1 dsé 8= (k—1)Dg

where Mg(¢) are average molecular weights, (& = 1) corresponds to M,(k = 2 to
My, etc.), and

0
f f(v)c( 1= Dav.dy
JV[/,;( W) = ])1 ‘;w
f(y)e(‘-’-"'h‘) l)21).dv (5)
%)

D, and D, are parameters of calibration curve

M = Dy 22,

7, is the number of known average molecular weights (it determines the number of
terms in eqn. 3).

Having solved the system (4) with respect to a; (# = 1, 2, ... m) for all of the
available standards, we obtain the dependence of a; on eluent volume. This depen-
dence may be approximated for convenience by polynomials of %, degree.

Thus,
ko

ai(y) = S ayayk. (6)

k=0

After calibrating SCBIS we may introduce the correction for the instrumental
spreading of the polymer chromatogram of any unknown distribution. Thus, we solve
eqn. 7, which represents by itself eqn. 1, accounting for eqns. 3 and 6.

‘O IcO
w 14+ £ X axyi(v— ) ,
=1k =0
fw) = [ w) . P(v — y)dy (7)
o R (22— 1)!!
1 - A -~ oy [.:V"‘ e
tm1 kmoO (2/)i
where
{z’o/z, if 4p is cven
T \(dy — 1)/2, if 4p is odd.

The solution of eqn. 7 may be realised by the following scheme: Let us denote

w(y)
H(y) = \I @ A o 1)11.
I - D T A L e
*—[‘:‘1 k=0 ol {2/t
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Represented in eqn 7

".'0 (_._. /1,)-m
Do —y) = (Wa)L/2 B e (v — )20
m=0 Ml

and regrouping the members we obtain eqn. 8.

2mg+iy my g Ky T (— ym (2m 4= 3)1(— 1)2m+i=j &~ )
()= & w E T X Ao aw : e | yEmriiH(y)dy  (8)
(®) :I%‘O v m%a i‘:ﬁ I.:%’O 7 el JH2m + < —7)! ~o0
where
j — o e
max. (o, —, if § — 70 is even
- — i — 1 s -
max. (o, —) if § — 4p is odd,
and
. apgo = I,
= max. (0, § — 2#2),
A (0.7 ) aor = ofork = 1, 2, ... ko.
It should be noted that the right hand part of eqn. 8 is the expansion of f(v)
a2my-1,
of v degrees. Let f(v) be X CyJ, and equating coefficients of the same power, we
j-.-.--o

obtain the system of linear algebraic eqn. 9 for the determination:

(e 2]

| yrH@y;
-
2ne -l k=i 2, . TN

00" "0 2 2 Jrin (2“; - 7) ](.__ ym+i=j

cj == p-M = 3 ag, n+j-—2m—i(h/ﬂ)1/2 — T ; Y J yIH (v)dy
- gy e ! 9l (2m = 1 —— ) -
nen Moy =gy 7 7 o (9
where
7-‘-]——10—/»’0 , . . \
max. , if n -+ §-—idp— kyis even,
] ==

v €n —-‘—j—-—l()-—k()—-l . L. . .

max. { «. , i 9 -+ § — ig — ko is odd,

2
. " _{_ j . .
min. <mn, — , if n -+ §is even,
2
Y2 = ,
. oA —1 e ..
min. (mg, ———2————1), if 2 - 7 is odd;
-2

m = max. (ff, n -+ 7 — 2m — ko),
N2 = min. (i, n - 7 — 2m2).

In eqn. g the coefficients at integrals sufficiently decrease with increasing ». It allow
one to neglect the integrals with 2 = 2m, -+ 7.
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Thus, we have the system of equations,

L0
J H(y)y"dy=An. 7 =0, IL,2 ..., 21720—*—1‘0 (IO)

—w

representing H(y) in the range of Sin

jO n
H(y) = EbSin['———— — ]
(») , =Y T (¥ — o) (x1)

where y, and y; are the beginning and termination of the carrier w(y), respectively.
Substituting (11) into (10) and integrating, we obtain the following system of
equations for determining &;:

% z (Vi — Vo) 7!
Ap = X by X yon—m X

J=1 m =0 T mel(n — m)!
om ml gk . i m! TR , .

Now, we solve that system for 0y:
Ik . j
3 (22 —1)llN & . .Y —2%o

w = (1 4+ 2 X ag,ey* — ) 2 bSnl(n il 1
() ( R ¢ (20 R ] e (13)

For the linear calibration (v = ¢; - ¢, 1n M) an analytical solution of TUNG’s equation
can be obtained, taking into account the dependence of SCBIS on molecular weight.
For this purpose, the following expression for SCBIS can be employed:

Gvy) = Dv—y) + tga ai(y) P (v — y) (14)

where @(v — v) = Vi exp [ —A(v — y)2], DY (v) is the ¢-th derivative of D(v); as(y)
and » have the same meaning as in eqn. 3.

The calibration of SCBIS is carried out according to the scheme suggested
above. Only eqn. 4 is replaced by the following equation:

[22]
I > ag (kB — 2)iDgt
Muy T ST

Myp(o)

Do

= exp [(3 — 2k) —;—Z—] (15)

I+ X ag (2 — 1)iDgt
{3

To make the calculations easier, let us represent a;(v) in the form of a cubic poly-
nomial

3
ai(y) = kZO apyk (16)

J. Chromalog., 53 (1970) 117~124



122 D. D. NOVIKOV, N. G, TAGANOV, G. V. KOROVINA, S. G. ENTELIS

By substituting eqns. 14 and 16 into TUNG’s equation, we obtain:

o i 3 0

0
o) = [ wm)Pw—ndy + B T aw [  yw@enm—y)dy. (17)

w0 -]

(Z, is the number of known molecular weight averages of the samples used in the cali-
bration of SCBIS plus three).

To solve the above equation we shall use the two-sided Laplace transformation,
as suggested by HAMIELEC AND Ravy??.

. . 5 3 _ .
F(s) = w(s)eﬂzl‘”& 4+ £ 2 au(— 1)kwlk)(s)sies /4 (18)
i=3 k=0
or
— tO 3 J— —
W) + X D awm(— 1)kwE)(s)st = F(s)e-s/4n, (10)
=3 k=0
where
" 0 on
F(S) = J f(’U)e—'GvdUI W(S) = f w(u)e—avdv.
—o o

Here, @ (s) is the k-th derivative of @W(s) ; s is, generally speaking, a complex variable,
but from the standpoint of using the formulae obtained we can limit ourselves only

to real values of s. Since w(y) is unambiguously determined from the moments (Q«)
of DMWD, and

+C

QW) = | wmDit~lexp [(1 —A)Dey)dy = Dik~lwl(k — 1)Ds] (20}

o

the problem of determining z(y) is reduced to the solution of the differential eqn.18
Let us represent F(s) in the form of a series

Fls) = & basn (21
n=0

b, in eqn. 21 can be determined from the experimental data using the expressior

(—nI!-): f ” v"f(b)dv (22

w

bn ==

Since f(v) is bounded in (— oo, 4 o) and is different from zero in the final interva
[2,b], it can be shown using eqn. zz that the series converges uniformly to F(s).
The expansion of e—s"/4k into a polynomial in s has the form

— m
— ._(.___}_)_. s2m (23

e—a2/4h
= Q M | (4]1) m

and converges uniformly to exp (— s%/44).
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Thus, the solution to eqn. 19 can be represented as a series

_z;(s) == 5} xy8d (24)
I=0

and converges to wW(s).

Substituting eqns. 21, 23 and 24 into eqn. 19 and equating terms having the
same power of s, we obtain

Lo (—pm

Xp = = 01;;@&)”’ by—am (for n == o, 1, 2)

%, 2 i+ 7! ¥ =",
Xn + >y X — 1)y g —————— = ST nes, -
i J=a ! t=fy ( I (n—1)! m =oml(q/)ym nosm S5t

(for n = 3, 4 ctc.)
where

« = max. \o, # — ip);

B1 = max. (3, n —7j);

Bz = min. (fo, n, # + 3 —7);

n/2, if n is even,
vo= { (1 — 1)/2, if = is odd,
or
x¥0 = bo:
x1 = Dy:
¥ = bp— — bo;
,e = < 4’& 0
I
Xp =
I — ——————
a3 (12 — 3) l)
Lo (—I)"bp—2m - 2 7l
i — X vy X (— 1)iti-ng - —-———-——} for n = 3, 4, 5 etc).
{ﬂl-O 711,!(4];)1!1 jou ji—ﬂl( ) i,1+] n( ’L)' ( 3.4, 5 )

(26)
Let us note that for physical reasons w(y) is bounded and different from zero in the

final interval [¢,d]; since xp = [(— I)%/n!] f v"w(v)dv, the series Z' XpS™ converges
uniformly to @(s). n=0

The determination of w(y) is thus reduced to the determination of the coefficients
b, according to expression 22 and to the solution of system (26) with respect to x,.

In the same way, expressions for average molecular weights () can also be
obtained:

S: xn(k —_— 1)"’.])2"
My = D nw O

& J; nDon 2
et xn(k — 2)"D2 . (27)
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